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Abstract
Starting from the surface term of gravitational action, one can con-
struct a Virasoro algebra with central extension, with which the horizon
entropy can be derived by using Cardy formula. This approach gives a
new routine to calculate and interpret the horizon entropy. In this paper,
we generalize this approach to a more general case, the isolated horizon,
which contains non-stationary spacetimes beyond stationary ones. By im-
posing appropriate boundary conditions near the horizon, the full set of
diffeomorphism is restricted to a subset where the corresponding Noether
charges form a Virasoro algebra with central extension. Then by using
the Cardy formula, we can derive the entropy of the isolated horizon.
1 Introduction
Since the discovery of the Bekenstein-Hawking entropy of black holes [1, 2],
physicists have put enormous enthusiasm and endeavor to explain its micro-
scopic origin. One of the approaches is to use symmetry to count states which
was proposed by Strominger [3]. This method can be traced back to Brown
and Henneaux’s work in 1986 [4]. They found that, under the imposed bound-
ary conditions at infinity, the asymptotic symmetry group of AdS3 is a pair of
Virasoro algebra with central extension, implying that any consistent quantum
∗zhangcy@sjtu.edu.cn
†ytian@ucas.ac.cn
‡wuxn@amss.ac.cn
§sjzhang84@sjtu.edu.cn
1
theory of gravity on AdS3 is a conformal field theory (CFT). While the Cardy
formula [5, 6, 7] determines the asymptotic density of states of CFT entirely in
terms of the Virasoro algebra and is independent of other details of the theory.
So Strominger computed the black hole entropy by using the Cardy formula and
reproduced the standard Bekenstein-Hawking entropy of Bañados-Teitelboim-
Zanelli (BTZ) black hole. Later, this method was developed by Carlip [8, 9]. He
proposed a set of boundary conditions near the horizon rather than at infinity
which also leads to a Virasoro subalgebra with a calculable central charge. Sev-
eral other related approaches have been developed. One can refer to [10] and
the references therein for a review.
In all of the works mentioned above, the analysis is on shell and the bulk
action is employed. Motivated by the fact that York-Gibbons-Hawking term
[11, 12] is also closely related to the entropy of the horizon, and the surface
and bulk terms of action encode the same amount of information [13], Majhi
and Padmanabhan (MP) introduced Noether current associated with the sur-
face term of the gravity action [14, 15]. The diffeomorphisms related to the
Noether current preserve the near horizon metric in some non-singular coordi-
nates. Given the Noether current and diffeomorphism, there is a natural Vira-
soro algebra with central charge. The central charge and zero mode eigenvalue
of the Fourier modes of the charges then lead to the Bekenstein-Hawking en-
tropy via the Cardy formula. In [16], this work was generalized to the modified
gravity with high curvature corrections and the corresponding Wald entropy
was derived. This approach is also successfully generalized to other cases [17].
It shows that the approach based on Virasoro algebra and central charge from
the surface term of gravitational action is general.
The spacetimes considered in the previous work are all static. In this paper,
we want to extend this approach to more general spacetimes, non-stationary
ones, which will not only cover static spacetimes, but also stationary and non-
stationary ones. However, for general non-stationary spacetimes, event horizon
is hard to define and is not applicable for calculation. Here the isolated horizon
(IH) proposed by Ashtekar can be an appropriate choice to realize our purpose
[18]. Isolated horizon is a generalization of Killing horizon of black hole. It is well
known that all stationary horizon satisfy the definition of isolated horizon [19].
For the non-stationary case, its near horizon spacetime can also be described
by the isolated horizon [20]. In general, we do not have the explicit form of the
metric on the IH from its definition. Luckily, in MP’s method, only the near
horizon limit of metric of IH [21] is needed. Thus we can calculate the entropy of
IH based on the surface term. This generalization is not straightforward since we
only know the near horizon limit metric of IHs. In previous work, the spacetimes
have well defined symmetries. For example, the spacetimes considered in [16]
are spherical symmetry. So they need only to consider the invariance of the
r − t plane and the r, t components of the diffeomorphism vector. The other
components vanish. Here, in our case, we do not know the symmetries of the
near horizon metric of IHs. There is no special reason why the other components
vanish. Thus we should consider the general cases. Unlike the previous work, we
impose a suitable boundary conditions near the horizon from the very beginning
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to restrict the asymptotic diffeomorphism vectors. The symmetry of horizon is
not very important since we need only to keep it invariant at higher order. It
turns out that the asymptotic diffeomorphism vectors forms a Witt algebra and
the corresponding charges of these vectors form a Virasoro algebra with central
extension. Then by using Cardy formula from CFT, we can derive the entropy
of IHs. We should note that such boundary conditions are well satisfied but not
proposed explicitly in previous work. These boundary conditions are necessary
which make the definition of asymptotic diffeomorphism vectors more precisely.
Our paper is organized as follows. We first review the general framework of
MP’s method in section 2. In section 3, the near horizon metric of IH in Bondi-
like coordinate is introduced. The boundary conditions for the diffeomorphisms
related to the Noether current is imposed in section 4. The asymptotic diffeo-
morphism vectors are also derived. In section 5, we calculate the corresponding
entropy. We give the summary and discussions in section 6.
2 Noether current from the surface term
For the sake of completeness, we briefly review the general framework of the
method based on the surface term of gravitational action [10, 14, 15, 16] in this
section. The Gibbons-Hawking term in Einstein gravity is
Asurf =
1
8piG
ˆ
∂M
√
γd3xK =
1
8piG
ˆ
M
√
gd4x∇a(KNa). (1)
Here γab and K = −∇aNa are the induced metric and the trace of the extrinsic
curvature of boundary ∂M of the regionM , respectively. Na is the unit normal
vector of ∂M . Under a general diffeomorphism transformation xa → xa + ξa,
the Lagrangian density changes by
δξ(
√
gL) ≡ Lξ(√gL) = √g∇a(Lξa), (2)
where L = 18piG∇a(KNa). This is a total derivative so that the action has only a
surface contribution. For convenience, we take an abbreviation Aa ≡ 18piGKNa
and then L = ∇aAa. We have
δξ(
√
g∇aAa) ≡ Lξ(√g∇aAa) = √g∇a[∇b(Aaξb)−Ab∇bξa]. (3)
Equating (2) and (3), we get the conserved Noether current
Ja[ξ] = ∇bJab[ξ] = 1
8piG
∇b[K(ξaN b − ξbNa)]. (4)
The corresponding charge is defined as
Q[ξ] =
1
2
ˆ
Σ
√
hdΣabJ
ab. (5)
Here dΣab = −d2x(NaMb −NbMa) is the surface element of the 2-dimensional
surface Σ, h is the determinant of the corresponding induced metric. Na and
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Ma are asymptotic spacelike and timelike unit normals of Σ in the near horizon
limit. The brackets among the charges are defined by [10]
[Q1, Q2] := δξ1Q[ξ2]− δξ2Q[ξ1] =
ˆ
Σ
√
hdΣab
[
ξa2J
b[ξ1]− ξa1Jb[ξ2]
]
. (6)
This definition has not used any field equation and thus is off-shell. In the
following section, we will see that it leads to a Virasoro algebra with central
extension. With the help of central charge and Cardy formula, the entropy of
isolated horizon can be derived.
3 The near horizon geometry of extreme isolated
horizons
In this section, we review the near horizon limit metric of isolated horizon briefly.
One can refer to [21] for details. Roughly speaking, IH is a non-expansion light
cone ∆ with almost stationary inner geometry (h,D). Here h is the induced
metric and D the induced derivative operator. The generator l of ∆ is shear
free and keeps hab and D, i.e. Llhab=ˆLlD=ˆ0 (Here “=ˆ” means equality holds
only on the horizon Δ).
We introduce the Bondi-like coordinates to describe the near horizon ge-
ometry of IH [22]. In this coordinate system, we have a complex null tetrad
{n, l,m, m¯} which could be expanded as
n = ∂r,
l = ∂u + U∂r +X∂ζ + X¯∂ζ¯ ,
m = W∂r + ξ∂ϑ + ζ∂ϑ¯, (7)
m¯ = W¯∂r + ξ¯∂ϑ¯ + ζ¯∂ϑ.
Vectors l,m, m¯ span the tangent space to ∆ and the metric could be written as
gab = −lanb − nalb +mam¯b +mbm¯a. (8)
By definition, it is obvious that coefficients
U=ˆX=ˆW =ˆ0 (9)
Choosing Bondi gauge ∇n(n, l,m, m¯) = 0, the near horizon metric of IH in
Bondi-like coordinates finally turn out to be
gµν =

 −2κlr + (habf
a
2 f
b
2 − f1)r2 +O(r3) −1 −habfa2 r +O(r2)
−1 0 0
−habfa2 r +O(r2) 0 hab

 (10)
with
f1 = 6|pi|2 + 2ReΨ2 − R
12
+ 2Φ11,
fa2 = pim
a + p¯im¯a, (11)
hab = mam¯b +mbm¯a.
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Here hab is the intrinsic metric of section ∆ˆ which is a 2-dimensional space
section surrounding the black hole. pi = m¯alb∇bna, Ψ2 = −Cabcdlambncm¯d
and Φ11 = Sab(l
anb +mam¯b)/4 are the standard notions in Newman-Penrose
formalism [23]. Here Cabcd is the Weyl tensor, Sab = Rab−Rgab/4 is the traceless
Ricci tensor. κl is the surface gravity of hypersurafce ∆. We will replace κl by
an abbreviated notation κ in the following part.
From the deviation of the near horizon metric (10), we know that the param-
eters in (11) are all time independent on the horizon [21]. But the higher-order
terms in the metric (10) can be time dependent. For this reason, isolated hori-
zons can be used to describe non-stationary cases. On the other hand, only the
near horizon limit metric is needed in the MP’s method to calculate the entropy
of isolated horizon. The high order of metric has no contribution to the final
result. Thus our result is applicable for non-stationary horizons. We will discuss
more about this at the end of this paper.
For later use, we transform to Schwarzchild-like coordinate by a coordinate
transformation
dt = du+
dr
2κr
, dρ = dr. (12)
One then get an asymptotic form near the horizon in Schwarzschild-like coordi-
nates.
ds2 = guudt
2 − (guu
κρ
+ 2)dtdρ+ (
guu
4κ2ρ2
+
1
κρ
)dρ2 (13)
+2guidtdx
i − gui
κρ
dρdxi + hijdx
idxj .
Here guu = −2κρ + (habfa2 f b2 − f1)ρ2 + O(ρ3), gui = −habfa2 ρ + O(ρ2). The
horizon is located in r = ρ = 0.
4 Boundary conditions
Now we have the near horizon metric of isolated horizon. To derive the entropy
of IHs, the diffeomorphism vector ξ is remained to be worked out. In the previous
work, only r − t plane is considered due to the symmetry of metric. The other
components of ξ is zero. However, in our case, IH is more complicated since we
do not know the symmetries of isolated horizon. Thus there is no good reason
why the other components should not be considered.
To be rigorous, we impose the following boundary conditions from the very
beginning inspired by the work of Strominger [24].
δgµν =

 O(r) O(r) O(r)O(r) O(r) O(1)
O(r) O(1) O(r)

 , (14)
where δgµν is the deviation of the full metric from the background metric gµν ,
i.e. Lξgµν = δgµν . This boundary condition is physically acceptable since
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the deviations are subleading compared to the full metric except δgtt and δgti
are of the same order as the leading terms in (10). We come up with this
boundary conditions by assuming the existence of a non-trivial Virasoro algebra.
As stressed by Strominger, the boundary conditions should not be too strong or
too weak. If the boundary conditions are too strong, all interesting information
is ruled out and a trivial result will be got. If the boundary conditions are
too weak, we are unable to select the effective information from the full set of
diffeomorphism vectors. For example, if we set δgti ∼ O(r) or δgij ∼ O(r2),
we will not get desired algebra any more. We have not found other consistent
boundary conditions, though we cannot prove that condition (14) is unique. In
fact, these boundary conditions are well satisfied in the previous work [14, 15,
16].
By requiring Lξgµν ∼ δgµν and Lξδgµν ∼ δgµν , the general diffeomorphism
vectors which preserve this boundary conditions have the form
ξu = F (u, x) + r2F1(u, x) +O(r3),
ξr = −r∂uF (u, x) +O(r2), (15)
ξi = r2G1(u, x) +O(r3).
Here F (u, x) and G1(u, x) are regular functions on horizon. The higher order
in ξ may be omitted since it has no affection on the charges in the following
calculations.
Transforming to Schwarzchild-like coordinate system, the diffeomorphism
vector becomes
ξt = T − 1
2κ
∂tT +O(r2),
ξρ = −r∂tT +O(r2), (16)
ξi ∼ O(r2),
in which T (ρ, t, x) = F (u, x).
Omitting O(r2), it is obvious that the diffeomorphism vector ξ and the
charge Qξ are linear in T . If we expand T in terms of a set of basis function Tm
with
T =
∑
m
AmTm, A
∗
m = A−m, (17)
we get the corresponding ξam and Qm expressed in the same forms as T replaced
by Tm.
Since there is no symmetry here, the explicit form of Tm may be difficult
to be determined. Nonetheless, inspired by previous work, such as [9, 25], we
can guess the general form of Tm as Tm =
1
α
exp[imαg(x, t, ρ)] where α is an
arbitrary constant, m is an integer and g(x, t, ρ) is a function of the coordinates.
The basic function Tm should be orthogonal
ˆ √
hd2xTmTn =
A
α2
δm+n (18)
6
and guarantee the Virasoro algebra
[ξm, ξn] = −i(m− n)ξm+n, (19)
in which A is the area of the 2-dimensional cross section ∆ˆ. The coefficient
A
α2
in Eq.(18) is naturally determined by
´ √
hd2x 1
α2
= A
α2
when m + n = 0.
Substituting the general form of Tm to the commutator (19), we require
∂tg = 1 , ∂ρg = − 1
2κρ
. (20)
Thus the general form of Tm which satisfies the orthogonal relation (18) and
the Virasoro algebra (19) is
Tm =
1
α
exp[im(αt+
ˆ −α
2κρ
dρ+ P (x))]. (21)
Here P (x) is a regular function satisfying (18) on the horizon. This coincides
with the previous work.
5 Entropy of isolated horizons
The required diffeomorphism vectors of isolated horizon have been worked out.
Combining Eq.(4, 5, 6), we can calculate the entropy of isolated horizons.
For Einstein gravity, the boundary term is the extrinsic curvature of the
boundary. Taking a hypersurface ρ = ρc, we get a covector Na =
(dρ)a√
gρρ
= (dρ)a√
grr
.
It is asymptotic orthogonal to the horizon ρ = 0. The trace of the extrinsic
curvature is
K = −∇aNa = −
√
κ
2r
+O(r 12 ). (22)
Ma in Eq.(5) for the isolated horizon is Ma = − (dt)a√−γtt = −
√
grr(dt)a. Na and
Ma are asymptotic normal to each other N
aMa = 1 +
grr
2κr ∼ O(r) near the
horizon.
Plugging (4,16) to (5), the charge in the near horizon limit ρ→ 0 becomes
Qξ =
1
8piG
ˆ √
hd2x
[
κT − 1
2
∂tT
]
. (23)
For component Tm, we get
Qm =
A
8piG
κ
α
δm,0, (24)
The commutators of charges lead to
[Qn, Qm] =
1
8piG
ˆ √
hd2x[(κ(Tn∂tTm − Tm∂tTn)
7
−1
2
(Tn∂
2
t Tm − Tm∂2t Tn) (25)
1
4κl
(∂tTn∂
2
t Tm − ∂tTm∂2t Tn)]
in the near horizon limit. Substituting the explicit expression of Tm, we get
[Qn, Qm] =
iκA
8piGα
(m− n)δm+n,0 − im3 αA
16piGκ
δm+n,0. (26)
Then the central charge C and zero mode Q0 can be read off.
C
12
=
A
16piG
α
κ
, Q0 =
A
8piG
κ
α
. (27)
Using the Cardy formula, we get the entropy of IH
S = 2pi
√
CQ0
6
=
A
4G
. (28)
This is exactly the Bekenstein-Hawking entropy of IH as expected, which is
consistent with the results in [21, 26] from other methods.
6 Summary and discussions
The entropy of isolated horizon was derived in MP’s approach. Here we have
used the general near horizon limit metric of the IH. No inner symmetry is
involved in our derivation. In previous related works, authors always start from
static spherical metric to do calculations. We note that near horizon metric of
general spacetimes, stationary or non-stationary, can be put into one unified
form. And we demonstrate that only the near horizon metric is needed to
derive the entropy in MP’s method. So our calculations are not limited to static
spherical metrics, but also valid for more general stationary metrics. Moreover,
the most significant thing is that our calculations also include the non-stationary
cases, for which we do not have an explicit metric in general. Fortunately, we
can get the near horizon metric of IHs which have the unified form as (10).
The time dependent behavior of the metric is at high order and turns out to
have no influence on the horizon entropy. As a result, all cases appear to have
the same entropy formula, the Bekenstein-Hawking entropy formula in Einstein
gravity. The result we derived agrees well with the one derived by other methods
(thermodynamics, etc). Especially, it has been proved that all the axi-symmetric
electromagnetic vacuum extreme IHs coincide with the extreme Kerr-Newman
event horizon[27]. Thus this method is naturally effective for charged rotating
black holes. For electromagnetic vacuum extreme IHs, it coincides with the
result in [21]. So our calculations give a general proof that MP’s method is
universal.
We would like to mention our boundary conditions here. In previous works,
such as [14, 15, 16], they did not give the boundary conditions explicitly due
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to the symmetries of background. While for genereal IHs, there is no inner
symmetry compared to the previous work, so the asymptotic diffeomorphism
vector ξ which preserves the boundary condition is more complicated. To be
rigorous, we imposed our boundary conditions near the horizon from the very
begining. The asymptotic diffeomorphism vector respecting the boundary con-
ditions is then calculated. Consistency requires that ξ be well defined and form
a Virasoro algebra. The boundary conditions we imposed satisfy this require-
ment. The full set of the diffeomorphism of the theory is then reduced to a
subset which respects the existence of horizon in a given coordinate system,
and the original gauge degrees of freedom can be thought of as being effectively
upgraded to physical degrees of freedom as far as a particular class of observers
are concerned.
In our calculation, the dimension of spacetime seems to be not important,
though calculations will be more complicated. High dimensional isolated hori-
zons can be considered in future. To be even more general, one can consider the
IHs with comological constant.
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